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Structural Estimation of the E ect of Out-of-Stocks

Abstract

We develop a structural demand model that endogenously captes the e ect of out-of-stocks on
customer choice by simulating a time-varying set of available alterndtes. Our estimation method
uses store-level data on sales and partial information on producvailability. Our model allows for
exible substitution patterns, which are based on utility maximization p rinciples, and can accom-
modate categorical and continuous product characteristics. Th methodology can be applied to data
from multiple markets and in categories with a relatively large number & alternatives, slow moving
products and frequent out-of-stocks (unlike many existing appoaches). In addition, we illustrate
how the model can be used to assist the decisions of a store managetwo ways. First, we show
how to quantify the lost sales induced by out-of-stock products.Second, we provide insights on the
nancial consequences of out-of-stocks and suggest price praion policies that can be used to help
mitigate their negative economic impact, which run counter to simple ommonly used heuristics.

Keywords: aggregate demand estimation; Bayesian methods; dee models; data augmentation;

inventory management; out-of-stocks; retailing.



1 Introduction

In retailing, inventory decisions have direct implications on product aailability to customers. When
making decisions related to the inventory levels of a product categy, store managers need to
balance the costs of holding and replenishing inventory versus theosts of out-of-stocks. The cost of
holding inventory can be calculated directly using nancial measures aailable to store managers. In
contrast, evaluating the cost of an out-of-stock requires estimting its impact on customers' buying
behavior. The lack of precise measures of the costs of out-ofesks has been cited as one of the
root causes for the slow adoption of quantitative models in inventoy management by practitioners
(Zipkin (2000)).

In terms of the magnitude and prevalence of this problem, out-oft®cks are certainly not uncom-
mon in retailing. The average out-of-stock rate in the U.S. and Eurpe is about 8% and the costs
associated with out-of-stocks vary across product categorieand can be substantial in some casé’s.
In order to quantify the nancial consequences of out-of-stocksit is useful to analyze the choices
that a customer facing an out-of-stock could make. First, a cusimer encountering an out-of-stock
may choose to defer its purchase until the desired focal produdbecomes available. Second, the
customer may choose to purchase a substitute product in the cagory. Third, a customer may
decide not to purchase any products that is, the out-of-stockleads to a lost sale which has the
largest negative short-term nancial impact for the retailer. Our main objective is to develop a
methodology to quantify the e ect of the two latter scenarios, product substitution and lost sales,
that can be implemented using information commonly available to a stoe manager.

A major challenge in estimating the impact of out-of-stocks on retd demand is the lack of pre-
cise data on product availability. One would expect the extensive adgtion of perpetual inventory
management systems in retailing, which monitor inventory in real-time to alleviate this data limita-
tion problem. However, there are two reasons why these inventgrsystems have not entirely solved
this problem. First, in many cases these systems do not distinguishdiween inventory on the shelf
or in the backroom and, as a consequence, the system might repa@vailability for the store, while
the shelf may be empty. Second, recent work by DeHoratius and Raan (2008) has shown large

discrepancies between the actual inventory and system-recoed inventory. Consequently, audits

1See Gruen et al. (2002) for a detailed study on the incidence and consequences of out-of-stocks across di erent
product categories and geographies.



need to be conducted periodically in order to reconcile actual invemtry with what is kept in the
inventory system. Therefore, in practice, many retailers opera¢ with a periodic inventory review
system, where inventory is observed precisely only at speci ¢ time axhs and cannot be perfectly
inferred at other points in time. For these reasons, we design our ethods to work with sparse
(partial) information of product availability, as provided by periodic in ventory review systems.

Our estimation approach is based on an extension of the methodolggn Musalem et al. (2008,
2009) for demand estimation from aggregate data. Accordingly, e treat the sequence of individual
purchases in a given time period (i.e., the order in which individual purclases were made) as miss-
ing data and simulate these sequences from their posterior distrilliiton. Combining these simulated
sequences of purchases with periodic inventory information, we #®ate the evolution of product
inventory on the shelf and make inferences about the demand mot&aking into account the oc-
currence of out-of-stocks. Consequently, we explicitly considehe endogenous variation in product
availability, modeling the set of products available to a customer in a gien time period as a function
of the initial inventory and the sequence of choices made by custoens. Moreover, when used in
categories where out-of-stocks occur frequently, our data aimentation simpli es substantially the
estimation of the model parameters relative to the Expectation-Maximization (EM) approach used
in previous work (Anupindi et al. (1998) and Conlon and Mortimer (2009)). Furthermore, this
structural demand approach to model product availability allows usto perform policy experiments
that can be useful to estimate lost sales and evaluate the impact gbolicies designed to mitigate
the consequences of out-of-stocks.

We illustrate how the model can be used to assist the decisions of asse manager in two ways.
First, we estimate lost sales and substitution induced by out-of-sbck products, which is used to
assign a nancial tag to out-of-stock events. Second, we use #hmodel to evaluate the nancial
consequences of temporary price promotions that can help alleviatthe costs of out-of-stocks by
recapturing a fraction of the lost sales.

To summarize, our work makes four important contributions. First, we develop a methodology
that can be applied in fairly general settings, including categories wh a large number of products,
some of which may be slow-moving products that exhibit zero sales inome periods. Second,
our methodology explicitly considers the endogenous changes in mhact availability triggered by

customer choices. Third, our structural demand approach allowsis to perform policy experiments



that can be useful to estimate lost sales and evaluate the impact gbolicies designed to reduce
the consequences of out-of-stocks. Fourth, the use of dataugmentation greatly simpli es the
estimation of the model parameters, especially when compared witkEM or maximum simulated
likelihood approaches.

The rest of this article is structured as follows. Section 2 relates auwork to the existing
literature. In Section 3 we describe the demand model, estimation mabdology and how the
methodology can be used to estimate lost sales and stockout-bassubstitution. Section 4 presents
an empirical application of the methodology using a data set on shamgo purchases. Section 5
estimates the costs of out-of-stocks and illustrates how the mébdology can be used to assess the
impact of dierent policies aimed at mitigating their nancial consequences. Finally, Section 6

concludes this article with a discussion of interesting avenues for fure research.

2 Literature Review

Our work is related to research streams in the operations managesnt, marketing and economics
literatures. For instance, our work is related to analytical models 6 inventory management and
assortment planning developed in the operations management litetare (e.g. Zipkin (2000), Smith
and Agrawal (2000)). These models typically assume a speci ¢ demadrformulation that is incorpo-
rated into an optimization problem; but in general they provide little g uidance on how to determine
the input parameters of the demand model. This limits the applicability of this work in two ways.
First, the demand model speci cation needs to be validated throughempirical data in order for the
prescribed decisions to be relevant in practice. Second, a naivetiesation of a correctly speci ed
demand model which neglects the e ect of out-of-stocks on salesan lead to biased estimates and
incorrect model inputs and managerial recommendations. A notale exception in this literature
is Kok and Fisher (2007), who estimate a demand model that captwes the e ect of permanent
changes in an assortment on sales, which is then used to choose thenber of facings of products
to be included in an optimal assortment. Our focus is di erent in that we measure the e ect of
temporary changes of product availability on sale€. Recent work by Vulcano et al. (2008) estimates

substitution e ects induced by out-of-stocks, using exact infomation on product availability. In

2Kk and Fisher (2007) also develop a model to estimate stock-out based substitution (temporary changes in
availability), which they do not estimate with their empiri  cal data.



contrast, our methodology can be used with partial information onproduct availability (as in a
periodic review inventory system).

In the context of the marketing literature, models that use individual data (e.g. Fader and Hardie
(1996); Rossi et al. (1996)) or aggregate data (e.g., Besanko at. (2003), Jiang et al. (2009)) to
estimate consumer demand are ubiquitous. However, most of thisak ignores the e ect of product
availability on demand, probably due to the lack of data® Some studies use simple methods to infer
availability from sales data, for example, by assuming that a products out-of-stock when it has no
sales (e.g., Campo et al 2003; Swait and Erdem 2002). This approahimprecise for categories with
slow-moving products. Instead, we incorporate direct measuresf @roduct availability to estimate
customers' preferences and reactions to stock-outs.

To our knowledge, Anupindi et al. (1998) are the rst to estimate the e ect of out-of-stocks
on customer demand using actual measures of product availabilityTheir model accounts for lost
sales and product substitution e ects, but unless further restictions are imposed to this model, it
is necessary to estimate di erent arrival rates for every possibleset of available alternatives faced
by a customer. Therefore, the number of parameters rapidly gnes with the number of alternatives
and in order to fully characterize customers' propensity to buy eah alternative, it is necessary to
have observations for every possible choice sétln order to address this estimation issue, Anupindi
et al. (1998) impose ad-hoc restrictions on the substitution pattens.® Kalyanam et al. (2007) model
cross-item substitution through a nite number of categorical variables. This approach does not
capture substitution through continuous measures such as priceand therefore cannot be used to
compute price elasticities. In our model, substitution patterns are &0 restricted but based on a
structural model of utility maximization, which enables us to accourt for price-based substitution.

In addition, our work is also related to the literature on consideration sets (e.g., Hauser and
Wernerfelt (1990); Roberts and Lattin (1991); Andrews and Sriniasan (1995)). This body of re-
search focuses on modeling the set of alternatives that are consiegd by a consumer when estimating
consumer preferences. In this article, we face a similar problem as vege interested in estimat-

ing the underlying set of alternatives that are available to each cusimer. We estimate this set of

3An exception is Anderson et al. (2006), who use sales data froma catalog retailer.

“Denoting by J the number of alternatives, the number of non-empty choice sets is equal to 2° 1.

SMore speci cally, they assume one-stage substitution wher e a fraction of the demand for an out-of-stock product
is transferred to a second product, but if that product is also ou t-of-stock, the demand is lost.



alternatives combining aggregate sales data with information on prduct inventory.

In the economics literature there has been an extensive developnteof methods to estimate
demand based on random utility maximization models (RUM) using marké-level sales data (e.g.
Berry (1994) and Berry et al. (1995)). RUM models can be very e etive at providing a parsimonious
characterization of consumer preferences reducing the numbef parameters to be estimated. In
the context of out-of-stocks, Bruno and Vilcassim (2008) exted the methodology in Berry et al.
(1995) to incorporate external information about product availability, showing that neglecting the
e ects of out-of-stocks leads to substantial biases in the estiméeon. As pointed out by Chintagunta
and Dubé (2005), a limitation of the methodology of Berry (1994) am its extensions is that it
cannot be used when some of the products have zero sales, whicm& uncommon for store-level
data of slow-moving categories. In contrast, our method can be esl with store-level data and
slow-moving products. Store-level data has the advantage of pviding more precise information on
which products are out-of-stock (relative to proxies of productavailability that could be obtained
at the market level).

Closest to our work is Conlon and Mortimer (2009), who estimate thesubstitution e ects in-
duced by stock-outs using a random utility model and partial data o1 product availability. They
use an EM algorithm to account for the missing data on product avail®ility faced by each cus-
tomer. However, the expectation step becomes di cult to implemert when multiple products are
simultaneously out-of-stock (as in the case of our empirical applideon). As we will explain in the
next section, our approach can be applied to cases where a largemiber of products become out-
of-stock without increasing the complexity of the estimation methal. This enables us to uncover
some interesting patterns describing how the number of out-ofteck products a ects lost sales (the
details are discussed in Section 5).

In terms of Bayesian methods, our estimation approach is similar to tB methods used by Chen
and Yang (2007) and Musalem et al. (2008, 2009). In contrast to por work in this area (e.g.,
Musalem et al. (2008)), we not only use aggregate sales data, butsa use periodic information about
product inventory. Conditioning on both types of information, we jointly estimate the distribution
of consumer preferenceand product availability, which enables us to estimate the impact of out-
of-stocks on consumer choices.

Finally, we note that other authors have used controlled laboratoy experiments (e.g. Fitzsimons



(2000)), eld experiments (e.g., Anderson et al. (2006)), and quea®nnaires (e.g., Campo et al.
(2003b)) to estimate customer response to out-of-stocks. Wl cus instead on developing methods

that use eld data routinely collected by store managers.

3 Model and Methodology

This section describes the customer choice model and the estimationethod. The demand model
is based on utility maximization principles and can be estimated with salesdata from multiple
stores combined with (partial) information about product availability . We also discuss identi cation
and endogeneity issues and show results from a simulation experimeto test and validate our

methodology. Finally, we show how the model can be used to estimatest sales.

3.1 Customer Choice model

We start by specifying a random-coe cients multinomial logit (MNL) mo del for product choice
within a category, a demand speci cation widely used in the economicsral marketing literature
(e.g. Chintagunta et al. (1991); Train (2003)). Consider a custorar i that visits store m during
time period t and chooses to buy a single unit from among the alternatives in the ¢el = f1;::;Jg
or chooses not to purchase (no-purchase option). We specifyetutility of purchasing product j 2 J

as follows:
U-- = 0 X + + " . 1
ijtm itm A jtm jtm ijtm ( )

where Xjm is a vector of covariates that may include product characteristics price and other
marketing variables. The vector of random coe cients jm, , which varies across customers, describes
individual preferences and is assumed to be distributed accordingota multivariate normal with
mean ., and covariance matrix . Note that the vector of preference coe cients m hasi, t
and m subscripts, which allows di erent customers visiting a store in each priod to have di erent

preference coe cients, albeit drawn from the same distribution® The mean of individual preferences

5This corresponds to the independent samples assumption descibed in Musalem et al. (2009), where a di erent
random sample of consumers make purchase decisions in each perd. Musalem et al. (2009) also show that this
assumption is asymptotically equivalent to the case where the same consumers make purchase decisions in every time
period, i.e. im = im .



for a given storem is speci ed as:

m = Zm, (2)

wherezy, is a vector of time-varying characteristics for storem, which enables a researcher to capture
observed heterogeneity across customers in di erent marketsna is a matrix of coe cients. The
variance-covariance matrix captures unobserved customer heterogeneity, which is assuméaor
simplicity and parsimony to be constant across stores. The termjy, is a demand shock for each
product j, common to all customers, that represents other factors thatenter customer's utility
which are not captured by Xjim . We also write Xtm = ( X1m; 5 Xatm ) @and tm = ( 1m; 5 Jtm) tO
describe the product characteristics and demand shocks of all pducts in storem during period t.
The random vectors y are i.i.d. samples of a multivariate normal distribution with zero mean ard
covariance matrix . For simplicity, we assume that = 2 1; (wherel is the identity matrix
with J rows and columns). The inclusion of these demand shocks helps togwent over tting
problems when aggregate data are used to estimate the model (Bg (1994)). Finally, "jjim Iis
an individual-speci ¢ demand shock, modeled as an i.i.d. random variablerém an extreme value
distribution.

The probability that a customer chooses a particular brand during agiven time period depends
on the set of alternatives available to a customer. In particular, dueto the occurrence of out-
of-stocks, the choice set of a customer may not include all the poucts in the setJ . Product
availability is characterized in our model by the vectorayn = ai,;:;al, , whereal =1 if
customeri visiting store m in period t nds product j available, and a{tm = 0 otherwise. Without
any loss of generality, we index customers in each period by their oed of arrival to the store. The
matrix Am = (aum;:an,tm) contains the unobserved product availability information for all
customers visiting that store in periodt, which will be structurally inferred.

Let yiim denote the product chosen by customer in period t and market m and let Ujorm = "iom

be the utility of the no-purchase option (the subscript O denotes the no-purchase option). The

probability that a customer i facing availability ay, purchases productj is given by:

%m exp ( im Xjm + jm)
1+ ak. exp(imXum * km)’

k2J
3

P (itm: tmiaim:Xtm)  Pr(Yim = jj itm;aim; tm;Xtm) =



while the probability of choosing the no purchase option is given bypo ( itm ; tmj@im ; Xtm) =
P

1 P (itm; tmjaitm ; Xtm). Note that this customer model is similar to the one used by Bruno
j23

and Vilcassim (2008) and Conlon and Mortimer (2009) and represestan extension to random-

coe cients to handle (observed or unobserved) product availability.”

3.2 Derivation of the likelihood function of the aggregate data

As is evident from equation (3), computing the probability of purchase requires information about
the choices of each customer visiting the storey(m, ) and the set of products available to each of them
(aitm ). As we mentioned in the introduction, this information is not always available in practice.
Therefore, we seek to estimate the parameters of the customehoice model,(; ; ), using the
following aggregate data: (1) sales of each product for each s®period, Sjim ; (2) inventory at
the store at the beginning and end of each period,jim and I'}tm , respectively; and (3) the number
of customers making purchase decisions in each perio®ly, .2 Information about Ny, can be
obtained, for example, from the total number of transactions reorded for each store in each period.
Alternatively, it is also possible to use demographic information (e.g., ppulation data) to estimate
the size of the market (i.e., the maximum number of consumers that wuld purchase any of the
alternatives in the product category in a given time period; see Bexr et al. (1995)). The number
of customers choosing the no purchase option is then given om  Nim _ Sjtm . If there are
replenishments, the de nition of the time periods is such that they ocur justjb_tlefore the beginning
of the period and are therefore accounted ify, .

Note that when a storem runs out-of-stock for some product during period t; we observe that
Itjm > 0and (\tjm = 0 but we do not know the exact time of the out-of-stock. This missingpiece of
information is important as it determines how many customers were xposed to the out-of-stock.
For example, if the rst customer visiting the store purchased the lsst unit of product j, then all
other customers were exposed to this out-of-stock. In contrasif the last customer visiting the
store purchased the last unit of productj, then no customers were a ected by this out-of-stock.

Because this information is not directly observable, we don't know a pori whether customers

"Campo et al. (2003a) make use of a similar extension to the MNL model, but do not incorporate random
coe cients.

8Note that store sales are usually monitored more frequently than product availability. In those cases, our method
can still be applied after aggregating sales to form a sales seies with the same frequency as the availability data.



buying product k 6 j during that period chose this product because it was their most prierred
item or because it was their second preferred option when produgt, the preferred product, was not
available. Consequently, given that the purchasing probability depads on the availability vector
a, the likelihood function for this problem cannot be expressed only inérms of sales data and the
coe cients of the utility function of each customer, as in standard applications of choice models to
purchase data.

These di culties caused by sparse product availability data were reognized by Anupindi et al.
(1998) and Conlon and Mortimer (2009). They develop a model wher the time epoch of each
out-of-stock is treated as missing data, and use an ExpectatioMaximization (EM) algorithm for
estimation. The EM algorithm facilitates the search for the maximum likelihood estimators. How-
ever, the closed-form expressions used in their expectation stdyggcome complicated as the number
of out-of-stocks in a single period increases.

Our methodology instead uses a data augmentation approach to imgporate incomplete data on
product availability into the estimation. This approach circumvents some of the limitations of other
methods, in particular, it can be easily implemented when some periodsave multiple stock-outs.
These augmented data are described as follows. Lmﬁtm be a choice indicator equal to 1 ifyjyn = |
and let wy, be a row vector containing these indicators (de ned similarly asay, ). The matrix
Wim = (Wim ;5 Wn,,tm) CONtains all the choice indicators corresponding to period and market
m. A key element of our approach is thatWy, , salesSy,, and the initial and ending inventories
(Itm; (\tm) uniguely determine the set of products available to each customeraim , through the

following structural relationships:

8
% 1 if1l >0 >o0
. = 0 if 11, =10, =0; (4)
E P . .
> 1 . Wk <Sjm  if Ly > 0,1}, =0:

The augmented data is de ned byA, and Wy, for all stores and periods, while the observed
data are given by (Sim;lwm) (the ending inventory vector [, can be obtained aslyn  Sim and

is therefore redundant). The augmented data Ay, ; Wyn ) are exactly consistent with the observed

®Anupindi et al. (1998) derive expressions for no more than two out-of-stocks taking place in the same period.
Conlon and Mortimer (2009) provide simulation techniques t o approximate the expectation step when multiple
stockouts occur in the same period.



data if they satisfy equation (4) and if:

Nim
Witm = Sjm; forallj 2J; (5)
i=1

W{tm a%tm : (6)

Accordingly, let  m (Sim; f\tm) be the set containing all values ofAy, ; Wi, that are consistent with
the observed data (de ned by (4), (5) and (6)).

Our data augmentation approach can be illustrated with the following example. Suppose that
two products, B and C, are available at the beginning of a given time peod, but only product C
is available at the end of the period. We observe total period sales fe&ach product: Sg =1 and
Sc =2 (we suppress indexes and m for convenience). Therefore, we know that initially there was
exactly Ig =1 unit of B and at least | ¢ = 3 units of C in inventory. Furthermore, suppose we also
observe thatN = 6 customers visited the store during this period; thereforeN Sg Sc =3
customers chose the no-purchase option, denoted iy We index customers by their order of arrival
and the choice of each customer by; 2 f B;C; Og: The vector y = (vyi;:::;y¥s) characterizes the
order of purchases and determines the choice indicatonsjj . If y = (C;0,C;0,0;B), then all 6
customers found both products available. If we consider instead ai@rent value of the vector of
individual choices by swapping the choices of customers 1 and 6, wktain y = (B; 0;C;0;0;C).
In this case, customers 2 through 6 found product B out-of-stdc Also note that had we swapped
instead the choices of customers 1 and 3,=(0; C; C;0;0;B), then the set of products available to
each customer would be unchanged.

We now derive the likelihood function in several steps. All the expresions below are conditional
on X and Z, which we omit to simplify the notation. First, note that the likelihood o f the observed
data can be expressed in terms of the likelihood of the augmented téausing the law of total
probability:

X

Lim (5 5 jSmilm)= Lim(: 5 JWim;Am) (7)
(Wim ;Atm )2 tm (Stm ;ltm )

Second, the likelihood conditional on the augmented dataN, ; Ayn can be computed condi-

10



tioning on ,m and ¢, and integrating over their distribution:

Z Nm Z

Lim(: 5 JAm;Wim) = Litm C itm 3 tmiWitm ;@m) Cim; Zm;) (m;0  )d imd m

i=1
tm itm

(8)
where Liim ( itm ; tnWim ; @itm ) IS the likelihood for an individual customer as a function of her
preference coe cients iy and the demand shock . Using the individual choice probability
de ned in (3), this likelihood can be calculated as:

. ¥ . i
Litm ( itm 5 tmWitm;@tm )= B ( itm tmj&tm )" : ©)
j=0
Equations (7), (8) and (9) completely characterize the likelihood fo store m and periodt in
terms of the observed data. Consequently, the total likelihood (icluding all stores and periods) is
given by:
. w W .
L(; &+ isih)= Lm (5 5 JStm;ltm; Xm)
m=1 t=1

This likelihood function is di cult to compute due to the summation over all possible con gurations
of choice indicators Wy ) exactly consistent with the aggregate data (see equation 73° Instead of
using a Maximum Likelihood (ML) approach, our strategy is to apply data augmentation together
with Markov Chain Monte-Carlo methods (MCMC) to facilitate the est imation of the parameters

of the model. Accordingly, we will treat the augmented data(Wyn ; Airm) as model parameters that

are estimated using MCMC simulation. This approach is described in thanext subsection.

3.3 Bayesian Estimation

In contrast to ML, which seeks to nd a point estimate for the parameters of interest(; ; ), a
Bayesian approach seeks to estimate the posterior distribution fahe parameters, given the observed
data. Towards this objective, we de ne the hyper-prior distribution (; ; ) which formalizes the

researcher's prior beliefs about the demand parameters. The pigsior densityof (; ; ), f im g,

10 Another complication of implementing a maximum likelihood ap proach is that the integrals in equation (8) cannot
be expressed in closed analytical form and have to be approximaed through simulation.

11



and the augmented data(Aim ; Win ) given the observed data is proportional to:

Y Y
p(; 5 FAmMGTWmgf imgjS;1)/ 1 (Am;Wim) 2 ( Stm;lm)g (m;0; )
t m
Ntm _
itm OZm; Lim ( itm tmJ@itm ;Wim) (5 ) (10)

i=1
where the indicator function ensures that the augmented data a& exactly consistent with the ob-
served data.

We seek to estimate the posterior (10) using MCMC methods. Condibnal on the augmented
variables (a; w), the parametersf nwg; , and canbe sampled using existing Bayesian methods
for individual level data (e.g. Allenby and Rossi (2003)). In particular, we combine these existing
methods with a sampling scheme for the missing dat& and W. Following Musalem et al. (2009),
posterior samples for these variables can be obtained by deriving ¢hfull-conditional distribution
of the augmented choices and availability data. Note that the full-caditional distributions have a
simple structure if we partition the set of customers into pairs and onsider the distribution of the
choices of customers in a given pair, holding constant all other chaés!! This enables us to de ne
a direct-Gibbs mechanism to sequentially sampl@ and w from their posterior distribution for each
pair of customers in contrast with other methods that utilize Metropolis-Hastings approaches (e.g.,

Chen and Yang (2007)). We illustrate this sampling scheme with an exaple (see Table 1).
== Insert Table 1 here ==

To simplify notation, we suppress time ) and store (m) indexes for this example. Consider the
set of products formed by {B,C} plus the no-purchase option 0. The observed data areSg =1,
Sc =2,N =6,18 =1,1¢ =3 (which implicitly de ne the end-of-period inventories ® = 0
and '© = 1). We start with an initial assignment of choices given byy (see column 2 in Table 1),
which is consistent with the observed sales data. We now show how &ample a new vectory® We
randomly generate a partition of the set of customers into 3 pairsfor example,f 1;3g;f2;4g;f5;69:
We are interested in calculating the full-conditional distribution of th e choices of customers in one

of these pairs, sayf 2; 4g. Conditioning on the choices of all other customers 1; 3; 5; 6g, denoted by

1 As mentioned in Musalem et al. (2009), one could also consider mrtitioning the set of customers into larger groups
(e.g., triplets or quadruplets). This may provide a more e ci ent approach to estimate the posterior distribution of
the model parameters, but it increases the computational cost of each simulation.
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y 24, and the observed data, there are only two vectors of choices #i are consistent with the sales
data: the current choices {) and the choice vectory (see column 5 in Table 1) where the choices
of customers 2 and 4 are swapped.

Note that when exchanging the choices of customers 2 and 4, theets of available products
to customers arriving between customers 2 and 4 may endogendyshange (hence the structural
estimation of out-of-stocks), but the choice set of all other cu®mers remains unchanged. In the
example, customers 2, 3 and 4 nd alternative B available under the curent con guration of choices
(y, see column 3 in Table 1), while only customer 2 nds this alternative avdable under the new
con guration (y , see column 6 in Table 1). In addition, product availability for all other customers
(1, 5 and 6) remains constant. Therefore, swapping the choice$ oustomers 2 and 4 can only a ect
the likelihood of customers 2, 3 and 42 When sampling from this full conditional distribution, the

probability of generating a draw where the choices of 2 and 4 are elxanged is:
Q4 :
- i Li Cis Jaiw;)
Pryiyizg =@ 1=2 :
UL LG dasw) T L Jasw)

(11)

where a ;w is the augmented data implied by the vector of choicey and L; ( i; ja;;w,;) is the
individual likelihood de ned in (9). The new draw is equal to the previous draw y with probability
1 Pry jy-f2;4g :

Based on this intuition, the Gibbs sampling scheme for the missing datdAm ; Wim ) of each

store-period can be formalized as follows:

Step 1. In a given iteration r, randomly generate a partition of customer-pairs, denotedPy;,, of

the Ny, customers.

Step 2: For a given pair (I; k) 2 Py, exchange the choices of custometsand k. Generate the new
choice vectory,,, and the corresponding choice indicatorsV,,, and availability matrix Ay, .

The new variables are accepted with probability:

Qi Lim ( itm ; jA s Wi )
Pr(accep) = O =i Zitm { itm {t{mkl itm + Witm '
i1 Li(itms ml8m sWigm )+ 21 Li ( itm 5 tmJ@itm 5 Witm )

21n general, only customers within the range of the swapped choices can be a ected, which provides signi cant
computational savings.
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(r+1) (r+1) (r+1) (r+1)

If accepted, updatey;, Yim » 8m ay, and wy, Wy, , Otherwise sety,,
yt(r;,), agfl) a§,§3 and Wt(,;ﬂ) Wt(rrn). Repeat Step 2 for a new pair inPyy, until no pairs are
left.

The Gibbs sampling scheme ensures that every feasible choice vacyocan be sampled with positive
probability. Therefore, when combined with a proper sampling schem for f i g;f mg; ; and
, it generates an irreducible Markov chain with stationary probability distribution equal to the

posterior distribution of the parameters of the model.

3.4 Identi cation and Assumptions

In this subsection we discuss issues related to identi cation of our mael. In the economics and
marketing literature, variations in prices, promotions and other maketing variables are usually ex-
ploited to identify and estimate demand models (e.g., Villas-Boas and Wine(1999)). In this article,
another important source of identi cation arises from changes in poduct availability. In particular,
observing customer behavior under di erent choice sets provideaseful information to uncover the
patterns of substitution among di erent alternatives. One di cult vy is that the variation in product
availability is not perfectly observed and this may lead to some challengs in the identi cation of
the model parameters.

Consider the following example. A few units of product A are available aithe beginning of a
period, and at the end of period the product is out-of-stock. Thee are two possible explanations
that t these data. In the rst one, customers have a low utility for pr oduct A (relative to other
products), which generates just enough demand for all the unitsnitially available. In this case,
the out-of-stock of product A occurs towards the end of the paod. A second explanation is that
customers place a high utility on product A, and the rst customers visiting the store purchase
product A, generating an out-of-stock early in the period. Without additional information, we
cannot distinguish between these two alternative explanations. Haever, we may also observe data
for: (1) the sales for other products with similar characteristics b product A, which were available
throughout the period; and (2) sales during other periods where duct A had full availability.
This additional information is useful to separately identify the utility of product A and the latent

distribution of product availability. 13

3The demand model could also be estimated by considering only the time periods for which the set of available
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While periodic inventory data provides su cient information on produc t availability to estimate
the model, the estimation could still be carried out without the exact inventory counts. More
speci cally, equation (4) requires information on product availability whether a product is available
or not at the beginning and end of each period, but the actual inventory counts are not required
for the estimation. This is important, as it has been documented th&inventory count data are not
always reliable in practice (e.g. DeHoratius and Raman (2008)). Tradng product availability is
less costly than tracking inventory counts, and retailers often run periodic inspections of shelves to
check which products are out-of-stocks.

An additional challenge that we face in the estimation of our model is elated to the potential
endogeneity of inventory. Inventory is a supply decision made by masgers which usually requires
forecasting of future demand (e.g. see Cachon and Terwiesch (Z)). Mismatches between supply
and demand, which lead to stock-outs or excess inventory, sugsfethat managers cannot predict
demand perfectly, i.e. there is demand uncertainty from the manaers' point of view. Our model
captures this demand uncertainty through the demand shockjm, , which accounts for unpredictable
factors (from the managers' perspective) that determine actal demand. However, in some cases it
may be di cult to obtain all the relevant demand information that was accounted for in the inventory
decision. For example, some retail chains decentralize inventory disions to store managers in
order to take advantage of local demand information (see O'Conrle(2008)). However, this local
information may not be easy to transfer to a central analyst of tre chain who is using our model
to conduct demand estimation. In this case, the demand shockj;, would also include factors
which are observed by the store manager (e.g., information about @l demand patterns) which
are not available to the central demand analyst. Henceljm and jm may not be independent,
which leads to an endogeneity problem. As pointed out by Manchandat al. (2004), conducting
the estimation using the conditional likelihood (9), which ignores the é&pendency of inventories on
the unobservable components of the demand, could lead to biasedtenates.

To mitigate the potential endogeneity bias, our empirical applicationincludes covariates measur-

alternatives does not change, i.e. periods in which the set d products available at the beginning and end of the period
is the same. Although this would certainly reduce the complexit y of the estimation method, this approach exhibits
several disadvantages. First, there is a sample selection poblem, as periods where a product becomes unavailable are
likely to have higher than average demand. Second, one would ke forced to discard valuable information about the
customer demand and this approach would only work if there are enough time periods that meet this requirement.
In particular, for longer time periods it is more likely to hav e some products that stock-out during the period.
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ing seasonal demand variation and promotional activity, which captire most of the demand shifts
that could be anticipated by the store manager (the data set is deibed in more detail in Section
4). In addition, it is possible to use a Bayesian instrumental variable (IV) approach similar to the
one developed by Yang et al. (2003) to capture the dependency tie inventory levels on demand
shocks mitigating a potential endogeneity bias. Speci cally, the demad system could be estimated

simultaneously with an additional regression equation speci ed as:

IN(L+ ljtm )= xXjm + 2Zjm *+ jtm; (12)

where Zj;, is a vector of instrumental variables which are excluded from the daand model and
orthogonal to the demand shock i . Examples of valid instruments include factors that a ect
inventory holding costs (such as capital costs or store rent), fquency and lead-times of replenish-
ments (e.g. distance to warehouse) and factors that a ect targt service levels (e.g. cost markups,
see Cachon and Olivares (2010)). To account for inventory endegeity, jm and vjm should be
allowed to be correlated, for example, by assuming a bivariate normalistribution with zero mean
and covariance matrix . . Equation (12) could then be incorporated into the likelihood function
(9), estimating the parameters x, , and . jointly with the parameters characterizing the de-
mand system. When the o -diagonal terms of this covariance matrixare non-zero, the distribution
of ljym conditional on X, Z depends on jm, , thereby capturing the dependency of inventory levels
on potential unobservable factors entering the store manager'swventory decision. Further details
on this instrumental variable approach using hierarchical Bayes miods can be found in Yang et al.
(2003).

As we discuss in Section 4, our empirical results show that the demadnparameters obtained
from this joint estimation are almost identical to those obtained with the demand system alone.
Nevertheless, extending the model to account for a potential dgeendency between inventories and
demand shocks (through equation (12)) could be relevant in otheapplications where the information
used by the store manager to predict demand is not available to theasearcher.

In the abscence of instruments, it is possible to follow an approach siiar to Manchanda et al.
(2004) to account for inventory endogeneity. For example, we gaassume that each demand shock

jtm Is distributed according to a Normal distribution with mean ;, and variance 2 where the
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means are treated as random coe cients. If we replac&jm by jm inequation (12) and assume that
Cov( jtm ; jtm jm ) =0, our model becomes a special case of the model developed by Maatda
et al. (2004), which can be estimated with the Bayesian techniqueseas$cribed therein.

Finally, another potential endogeneity problem may arise from serilly correlated demand shocks
( jtm ). Today's inventory depends on yesterday's demand, which indusa correlation between
current inventory and previous demand shocks. In addition, if demad shocks are autocorrelated,
current demand shocks will be correlated with previous shocks thaare in turn correlated with
today's initial inventory, leading to an endogeneity problem. As we peviously mentioned, we do
not expect to observe autocorrelation in demand shocks in our apigation once we control for
seasonality. Nevertheless, the methodology presented here ddie extended to allow for demand

shock persistence, which would eliminate this form of endogeneity.

3.5 Numerical Experiment

In this subsection, we test the proposed methodology using simulatiedata. We generated sales
and inventory data for J = 10 purchase alternatives and a no-purchase option available iM = 12
markets and T = 15 periods. We included four variables X1;:::; X4) in the utility function. We
use random coe cients for x3 and x4 and assume xed (i.e., constant across customers in a given
market) coe cients for x1 and x». The rst two variables correspond to two brands dummies, one
for alternatives 1, 2 and 3 k1), and another for alternatives 4, 5 and 6 &»). The third variable is a
dummy variable equal to 1 for all purchase alternatives X3), while the fourth variable is generated
from a normal distribution (x4). In order to replicate some of the features of the data set used in
our empirical application, the continuous variable is generated so tht its values for a given brand
and market are the same across all time periods. Accordingly, thealues ofx, for each brand and
market are generated from a normal distribution with mean equal b 2 and variance equal to 1.
Based on these four explanatory variables, customer coe cientor a given market m are gen-
erated from a 4-dimensional multivariate normal distribution with mean ., = %, as in equation
(2) and variance , whereZy, represents a 2-dimensional vector of demographic variables. Inras
of the demographics, the rst variable z;, is equal to 1 for all markets (intercept), while the second

variable zoy, is generated from a uniform distribution in the interval [ 1.5;1:5]. The true value of
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corresponds to:
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05 05 00 O7

The variance of the random coe cients ( ) is equal to a diagonal matrix with elements equal to
0.8 and 2.0 forxsz and x4 respectively and elements equal to zero for the two variables with ®d

coe cients ( x1 and x»). The size of each market N,) is generated by taking the integer part of
a uniform random variable de ned on the interval [0; 300] In addition, common demand shocks
for each alternative in each period and market (i, ) are generated from a normal random variable
with zero mean and variance 2 equal to 0.5. Finally, initial inventory levels for each alternative are

generated by taking the integer part of a uniform random variable inthe interval [0;1]. We use three
di erent values of | (10, 60 and 400) which lead to di erent inventory service levels. In tle rst case

(I = 10), each alternative stocks out on average in 28.9% of the time peri@dacross all markets,
while this fraction corresponds to 8.7% and 1.3% for the second andhird cases, respectively.

For each of these three data setsl(= 10, | =60 and | = 400) we estimated , and 2 using
the method described in Subsection 3.3 and based on the aggregatata available for each period
(sales and initial inventory). We also estimated these parameters igoring the occurrence of out-of-
stocks (assuming all products were available for every single pericahd market). In both cases, we
used the following weakly informative prior distributions: N (0;100lg), jj  scaled inverse chi-
square(d = 3;scale= 1) and ? scaled inverse chi-squaréd = 1; scale= 0:01). The results are
presented in Table 2 and they are based on a single run of 100,000 iions from a Markov Chain

Monte Carlo (MCMC) sampler, where the last 50,000 iterations are usd for parameter estimation.
== Insert Table 2 here ==

From the results in Table 2 we observe important di erences in termsof parameter inference
comparing the case where out-of-stocks are modeled with the omewhich out-of-stocks are ignored.
Considering the results in the rst three blocks of Table 2, it is evidentthat when out-of-stocks are
ignored, our inferences about the model parameters are biasedspecially when out-of-stocks are
more frequent (see rst and second blocks of Table 2). Speci cally, Wwen| =10 the 95% posterior

probability intervals for most of the components of do not cover the corresponding true values. For
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example, 2 x, Which is used to derive the mean utility of all the purchase options is uderestimated
when out-of-stocks are ignored (true value 3, 95% posterior probability interval: [ 4:60; 3:78).
In addition, the heterogeneity in the random coe cients for the continuous variable ( ,x,, true
value= 2, 95% posterior probability interval: [0:54; 1:46]) is underestimated. As expected, the
estimation results for the naive model improve as out-of-stockbecome less frequent. In particular,
in the third case, where out-of-stocks are on-average obsed/@nly in 1.3% of the time periods for
each alternative(l = 400), the results are very similar across both models (see third and siktblocks
in Table 2), a good sign for our approach.

In terms of the full model, the results in the last three blocks in Table 2show that the method
recovers well the original parameters under each of the three aparios. In fact, the posterior
means are close to their true values (on average within 0.8 posteri@tandard deviations from the
corresponding true values). In addition, in all but four cases (z,:x, and ;:x, in the fth block and

z1:x, and in the sixth block of Table 2), the true values are contained within the 95% posterior
probability intervals.

Finally, it is important to mention that we also conducted an additional simulation study by
generating 50 data sets for the case where = 10. We estimated the model parameters using the
proposed method and also ignoring the occurrence of out-of-atks. The results of this simulation

study, con rm the basic ndings discussed in this subsection (pleaseafer to Online Appendix A).

3.6 Estimating Lost Sales

An important factor that determines inventory levels in retailing is th e cost of shortage. This
cost is closely related to the behavior of customers that encountean out-of-stock. The cost of an
out-of-stock increases with: (i) the markup of the product that sells out; and (ii) the fraction of
customers that choose not to purchase after experiencing an pof-stock.!* The former is known
by the store manager, but the latter is not directly observable. In what follows, we show how to use
the model to estimate lost sales - the fraction of customers thattwse not to purchase but would
have purchased if some of the out-of-stock products had beewailable- for a given inventory policy.

This estimate can be used to compute performance measures suab the ll-rate, de ned as the

1 Also note that the cost of an out-of-stock decreases with the markup of the products that capture the demand
for the non-available products and leads to the possibility o f strategic out-of-stocks by the retailer, which we do not
pursue here.
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fraction of demand lled from stock, which is commonly used in retail operations management. It
can also be used together with markup information to assign a dollaralue to the cost of shortage.
Consider a customeri facing a set of available productsa; who chose the no-purchase option
(there is a slight abuse of notation here, a®; is now a set rather than a vector). We drop the time
(t) and market (m) subscripts for ease of exposition. The set of out-of-stock pructs, denoted by

a’=J na , includes productk. The probability that customer i would have purchased productk

had it been available is given by:

z
Pr(choosekj choose 0 fromaj) =  Pr(choosekj choose 0 froma;; i)f ( ;j choose 0 froma;)d
Z q\D/ik
= & f ( ij choose 0 froma;)d ; (13)
j2ailf kg

where ; is the (random) preference coe cient of the customer,f ( ;j) its conditional density and
Vi iXj + j is the conditional expected utility of purchasing productj. The rst equality comes
from conditioning on the customer's preferences (). The second equality comes from standard
properties of the multinomial logit choice model’® Similarly, the probability that the customer

would have choserany of the missing alternatives had they been available is given by:

7 P eVik
k2al
Pr(chooseaj choose 0 froma;) = 1+ i f ( ij choose 0 froma;)d ; (14)

j23

There are two challenges in computing lost sales via equations (13) dr{14): (1) the conditional
density f ( jj choose 0 froma;) is di cult to compute analytically; (2) the set of available products
available to each customer is not always known, the problem consided in this article. Therefore,
it is more convenient to estimate lost sales using simulation, which we deribe next.

Our goal is to forecast expected lost sales for a period with initial ingntoriesl 1;:::; 13 generating
estimates of lost sales in each of thR iterations of the Gibbs sampler. Speci cally, for each iteration

r, we obtain a draw of the parameters(; ; ) from the MCMC simulation. Then, we generate

15 Conditioning on choosing the no-purchase option, the gandom utility U;o is distributed according to an extreme
value distribution with mode (location) equal to In(1 + e¥i ) and scale equal to 1. Hence, the probability of
i2a;
JZ2a P | 1
preferring k over the no-purchase option is e’k 1+ ek + eVi
i2a;
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N new draws of ; fromaMV N ( %; ) (one for each customer) and from a MVN(0, ). These
can be used to calculate the expected utilities/; = x; + ; for each customer and product.
Next, we sequentially simulate the choices of each customer. Specally, given the initial inven-

tories, we determine the set of products available to the rst custaner, a;, and sample the customer
choice,y1, from a multinomial distribution with probabilities speci ed by (3). Given this choice, we
update inventories by subtracting one unit from the chosen prodat (unlessy; = 0, in which case
inventories remain unchanged) and proceed to next customer. Thprocess is repeated for all the
N customers. Customers who chose the no-purchase alternativeearecorded in the setO, (keeping

the corresponding values of thev;; 's and a;). Accordingly, the expected lost sales can be estimated

as follows: P
V(1)
evik
1 B X e
E(LostSales)= R — P (15)
r=1i20, 1+ e'i

where\/ij(r) denotes the value ofVjj in iteration r. This simulation procedure can be used to forecast
lost sales for any initial inventory levels I4;:::;;15. Alternatively, one could estimate lost sales
retrospectively for a time period where the observed data on invdnries and sales were collected.
The only adjustment to this method is that samples of i;a;; jandy; are directly obtained from the
MCMC simulation used in the estimation. This ensures that the distribution of customer preferences
and availability are conditioned on the observed data.

We tested the accuracy of this method to estimate expected lostades using the simulated
data described in Subsection 3.5. Actual lost sales were calculateging the simulated utilities by
counting customers who chose the outside good, but would have mhased a product under a full
assortment. We compared these actual lost sales with those estated using equation (15) and the
estimated parameters. The correlation between the actual andstimated lost sales is 98.2% and the
mean absolute percentage error (MAPE) is 11.99%. Overall, this mébd provides a fairly accurate
estimate of the expected lost sales for a wide range of inventory leis.

A similar simulation approach can be used to estimate stockout-basksubstitution. At the end
of each iterationr, we can store the set of customer®, that purchased any available product. The

number of these customers that would have instead purchased éhout-of-stock productk when all
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products are available can be estimated as:

. 1 X Vi
E(Substitution[k]) = iRi W: (16)
r=1 |2Pr I

j23

The next section describes an application of the methodology basesh data from the shampoo

product category.

4 Empirical Application: Demand Estimation in the Shampoo Prod -

uct Category

We use data on shampoo purchases from six supermarket stores#&ted in di erent regions of Spain
to illustrate the methodology. The stores are owned by a major sugrmarket chain, with more than
400 stores in this country. The data set was collected from 6 of the® stores including daily sales
during 15 consecutive days (excluding two Sundays in which storege closed) between May 13th
and May 29th in 1999. The product category includes 24 dierent sbck keeping units (SKUs),
but not all SKUs were o ered in each store during the study period. In addition to the sales data,
information about product availability on the shelf was recorded at the beginning and end of each
day. In total, 291 days with zero nal inventory were recorded acras all days, stores and products.
The data also contain price and promotion information for every praluct on each store-day.
From the 24 products in the data set, 16 products exhibited price &riation across stores, but very
few products exhibited temporal price variation within a given storeduring the study period. Table
3 displays the brands of each product and shows summary statisicfor each of the products in
terms of daily unit sales, prices (in Spanish Pesetas), promotion incihce, availability (OOS) and

number of stores where each product is o ered (Stores)

== |Insert Table 3 here ==

4.1 Model speci cation

We include nine covariates Kjm ) in the utility function of each customer. Two of these covariates

have random coe cients: price and purchase option. The latter is adummy variable equal to 1 in

18 pvailability is measured as the fraction of days with zero end i nventory for a given product.
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every period for all options except the no-purchase option. This ariable captures total category
demand for shampoo products as higher coe cients associated tthis variable raise the utility of

all purchase alternatives in relation to the utility of the no-purchase option. In addition, we include
dummy variables for the following brands: Pantene, Herbal Esserm; Head & Shoulders (H&S),
Cabello Sano and Timotei. We also include a dummy variables (Weekendptcontrol for seasonality
(changes in demand during weekends). This variable is equal to 1 fail purchase alternatives for
every time period corresponding to a Saturday and is equal to O o#trwise (recall that the stores
are closed on Sundays). Finally, we control for promotional e ec$ by using a dummy variable
(Promotion) equal to 1 if an item was promoted and zero otherwise dring a given time period and
store. We note that these last two variables (Weekend and Promabn) also enable us to explicitly
consider in the utility function changes in demand that might be anticipated by the store manager,
given that promotional activity can (and is expected) to cause inceased demand.

We use store-level demographic information to capture observegreference heterogeneity across
stores (unobserved heterogeneity is captured through randomoe cients). Speci cally, we collected
information on average declared income for each market. Accordgty, the vector of demographic
variables for a given storem (Z,) has two components: an indicator equal to 1 for all stores
(intercept) and the standardized natural logarithm of income!’. In addition, the size of the market
for each store was estimated combining data on population and tofaconsumption of shampoo in
Spaint®. We note that, as it is common in the marketing and economics literatue, the market size
is assumed to be constant across time periods, although it is importa to highlight that our model

allows for a di erent fraction of the market to make purchases in di erent periods®.

We also experimented using additional demographic information (e.g., age), but the results and the t of the
model do not substantially change.

8The population data were downloaded from http://www.ine.e s, while the consumption data were obtained from
Euromonitor International. We also experimented with an al ternative de nition of the market size (approximately
twice the size of the one used in this section) and obtained very smilar results.

¥We also tested the consequences of this assumption using simated data where the market size uctuates over
time and estimating this model assuming the market size is constant and equal to its average. When the variability of
the market size increases, we nd a slight decrease in the estimded variance of the intercepts that a ect the utility of
all purchase alternatives and a slight increase in the estimated variance of the demand shocks. The mean of consumer
coe cients does not exhibit any systematic changes. Detailed results are available from the authors upon request.
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4.2 Results

Using the method introduced in Section 3, we estimated the model [s®d on the covariates and
demographic variables previously described. We also estimated a ba&imark model that ignores
out-of-stocks, i.e. every product o ered in a given store is assugad to be available to all customers in
every time period. However, products that were never available in garticular store were excluded
from the choice set in the benchmark model. We computed the log-nnginal likelihood for the

full and benchmark models and obtained a log-Bayes Factor equabt74.5, which gives very strong
empirical support for the full model (Kass and Raftery (1995)). Table 4 reports the estimation

results for the hyper-parameters , and 2 under both model speci cations.
== Insert Table 4 here ==

From the results of the full model we note that products from the brands Herbal Essence
and H&S are on average more demanded than all other products s the results for ntercept
in Table 4). Furthermore, the results for |,come Show higher intrinsic demand for Pantene and
H&S products in stores reaching customers with higher income levelsAs expected, the price,
weekend and promotion e ects (See |ntercept;Price » Intercept;Weekend @Nd  Intercept;P romotion ) Show
a signi cant disutility associated with higher prices and higher levels of &mand during Saturdays
and when items are promoted. These results also show that the pmaotional and weekend e ects
are stronger for lower-income markets.

In addition to the observed heterogeneity across stores captudedy ncome , the results for  show
the magnitude of the unobserved heterogeneity within stores in tens of total demand (Purchase
option) and price sensitivity (Price). The variances for these ran@m coe cients are estimated as
0.70 and 0.24, respectively. The results for the variance of the deand shocks (?) suggest that
these unobserved demand e ects are substantial (the postenianean of 2 is estimated as 1.00).

Finally, when comparing the full and benchmark models, we note thatthe posterior means of

intercept fOr the brands Pantene, H&S and Cabello Sano are smaller under theenchmark model
than in the full model (these posterior means are approximately oa posterior standard deviation
from each other). These dierences do not exhibit a strong level bstatistical signi cance, but
their direction suggests that ignoring out-of-stocks leads to loweestimates of demand for these

brands. In contrast, the corresponding posterior mean for Heral Essence is very similar across
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both models, which is consistent with the high availability of this produc on the shelf (92%, see
fraction of out-of-stocks for product 17 in Table 3).

We tested the robustness of these results with respect to a patédal inventory endogeneity bias.
Using the extensions described in Subsection 3.4, we accounted fipossible correlation between
inventory and the demand shocks by adding equation (12) into the &timation, which helps to
mitigate this endogeneity problem. We used the products' cost mdwp as an instrumental variable,
which varies across products and stores but not across days. €lresults from this extended model
suggest a small correlation between inventory and demand shocKthe estimated posterior mean
of the correlation between and is equal to 0.26¥°. Furthermore, there is strong empirical
support favoring the model where the correlation between and is zero (log-Bayes Factor

7166). The estimated marginal posterior distribution of each paramete in the extended model
exhibits a reasonable precision, suggesting that the parametergeaidenti ed after controlling for
inventory endogeneity (see Allenby and Rossi (2003) for more dails on identi cation of Bayesian
IV models). In addition, the estimated demand parameters from this &tended model and the full
model presented in Subsection 4.2 are very similar (results are availe from the authors upon
request), which implies that the potential bias due to inventory endgeneity is small. Recall that
the demand speci cation of this application includes factors that meaure seasonality, promotional
activity and brand e ects, capturing most of the variation in demand that can be anticipated by
the store manager. This helps to reduce endogeneity problems arig from omitted variables in the

demand speci cation.

5 Estimating and Mitigating the Costs of Out-Of-Stocks

Using the expressions derived in Subsection 3.6 (see equation 15 estimated lost sales for every
time period in each store. We are patrticularly interested in estimatinghow the number of out-of-
stock products a ects lost sales. In our application, the number ofproducts simultaneously out-
of-stock on a given day ranges between 0 and 10 SKUs. Our methaldgy is su ciently exible to

estimate lost sales for all of these possible scenarios without incrgag the computational complexity

2 |nterestingly, we obtained a positive coe cient for price marg in, which is consistent with theoretical predictions
from the inventory management literature (e.g. Porteus (20 02)). Detailed results about this sensitivity analysis are
available from the authors upon request.
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of the method. Figure 1 shows the estimated average lost sales aguaction of the number of out-
of-stock products. The gure reveals that lost sales increases melinearly in the number of products
not available. When ve or fewer products are out-of-stock the aveage lost sales are equal to 5.9%
of the full availability sales. But when six or more products are out-d-stock, lost sales grow by
more than 3 times, up to 20.2% of the full-availability sales. This suggds that the rst products
that stock-out have a smaller impact on category sales, but lost das increase more rapidly as more
products become unavailable. This pattern has important implicatiors for assortment planning and
inventory replenishment decisions. In supermarkets, there are @stantial xed costs of replenishing
products on the shelf. Hence, Figure 1 suggests that replenishmis may be postponable until
several products become out-of-stock without substantially aecting category sales, although the
pro tability consequences of such a policy will depend on the retail megins of each of the products

and the stockout-based substitution patterns.
== |nsert Figure 1 here ==

Note that in this analysis lost sales are estimated for each period andtore in our data set.
Alternatively, one could estimate lost sales for a new time period by simlating a sequence of
consumers making choice decisions under limited and in nite inventory leels. In the context of the
MCMC estimation, this analysis can be easily performed and we use tse results for a particular
store (store 5) to illustrate how consumers switch from one prodct to another when their most
preferred item is not available. As we show in Table 5, for the segmentf customers who intend
to buy each producti (row) we estimate the percentage that choose instead alternatés/j (column)
considering representative levels of product inventory and the Lility function covariates. The NP
column shows the customer that choose not to purchase, which arcounted as lost sales. This
analysis enables us to provide a detailed characterization of the eggted consequences of out-of-

stocks on customers' buying behavicit.
== Insert Table 5 here ==

Speci cally, the diagonal elements in the rst block of this matrix indicat e the percentage of

customers that are able to nd their most preferred product and, consequently, provide an estimate

21 For space considerations, we display the results of this analysis for only 10 of the 24 products for store 5. Therefore,
the sum of the substitution rates in each of the rows of Table 5 is not equal to 1.
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of the level of service provided by the retailer to its customers.Considering all alternatives (not
just those reported in Table 5), while some products exhibit very hidp levels of availability (e.g.,
products 5, 6, 17 and 22), most of them show availability levels below®% (e.g., product 10). In
this regard, it is informative to consider the o -diagonal elements d this switching matrix. For
example, when product 10 (Pantene) is not available, most custonme intending to buy that item
would not buy any of the available products: 37.3% of the customersntending to buy product
10 choose the no-purchase option compared to only 13.7% (i.e., 1089%.0%-37.3%) that substitute
this product by an available one. Among the latter group of customes, most of these stockout-based
substitutions correspond to purchases of product 17 (Herbal &ence). Overall, we estimate that
for most products, between one and two thirds of the customerghat intend to buy a product are
not able to nd their most preferred alternative and decide not to buy. Finally, the last column
of Table 5 shows the change in contribution margin due lost sales andackout-based substitution.
For most products with low availability (20% or below), contribution margins decrease between
30% and 65%. Overall, this analysis suggests that the nancial consgences of out-of-stocks can
be sizable.

In addition to estimating stockout-based substitution and lost sales we also evaluate the e ect of
a strategy that seeks to mitigate the e ect of out-of-stocks: ©nducting a temporary price reduction
for a single product to recapture a fraction of lost sales. Price dismnts increase the attractiveness of
substitute products, inducing some customers whose preferrgatoduct is not available to substitute
their intended purchase with another product rather than choosng the no-purchase option. In what
follows, we show how to use our model to quantify the expected fadion of lost sales that would
be recaptured (from the no-purchase option) through this temmrary price promotions. Consider
the set Oa of customers who chose not to purchase when assortmeAt was available. Suppose
that the price of product k 2 A is discounted by some fraction of the original price. For each
customeri 2 Op, we de ne two events: (1) Ej; is the event that customeri would have purchased
some of the unavailable products (i.e. products iPA€) had they been available; (2)E;, is the event
that the customer would purchase the discounted produck when only products in A are available.
All customers in Op experiencingE;1 are counted as lost sales; those who in addition experience

Ei» count as recaptured lost sales. Therefore, the fraction of lostades that is recaptured can be
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calculated as: )
~ Pr(Ej1;Eizji 2 On)
Lost Sales Reduction= 22 :

LostSales

where LostSales can be estimated using the simulation procedure d@eed in Subsection 3.6. De-
tails on how to calculate the numerator of the expression above arehown in Online Appendix
B.

Accordingly, the model was used to measure the e ectiveness of plementing price reductions
of 20% for di erent store-days. We consider scenarios where onlgne product is discounted at a
time. As an illustration, we report results for two store-days with very di erent levels of availability:
(i) day 3 in market 5, where 10 SKUs have zero nal inventory; and (ii) day 15 in market 2, where
only one product has zero nal inventory SKU 15 (Pantene). In the case of day 3 in market 5,
a price promotion on product 17 (Herbal Essence) reduces lost Ies by 2.0%; all other promotions
reduce lost sales by less than 1%. However, in the case of day 15 innket 2, it is more e ective
to discount product 13 (Pantene), which leads to a lost-sales rediion of 4.2%. In this case, a
promotion of product 17 leads to a 1.6% reduction in lost sales.

The comparison of the results from these two store-days provideinsights on the e ectiveness of
price promotions at mitigating the consequences of out-of-stosk In the case of day 15 in market 2
where only one product was out-of-stock, a price promotion on aneduct with similar characteristics
to the missing product is more e ective to recapture lost sales. In cotrast, when many products
are missing, it is more e ective to use a price promotion on a popular prduct (SKU 17).

These results show that price promotions can be useful to redudest sales and improve customer
service. However, promotions may also have negative consequeacincluding: (1) a reduction in
the margin of the discounted product; (2) cannibalization of salesrbm other products with higher
margins2? These consequences can also be easily estimated with our model ital@n the cost
of goods sold by SKU is available. Using gross margin data from the sepmarket chain under
study, we evaluated the net change in category pro ts accountingor the e ect of increased sales,
reduced markups and cannibalization. In the case of day 3 in market,3he promotion on product 17

increased total pro ts by 13.2%. In contrast, in the case of day 15 irmarket 2, the price promotion

22 Other negative e ects not considered here include stockpiling e ects that occur when customers buy the promoted
product earlier because of the discount, which leads to a cannibdization of future sales.
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on products 13 and 17 reduces pro ts by 32.5% and 10.7%, respeatiy.?

In summary, this section illustrates how the methodology can be usetb assess the consequences
of policies aimed at mitigating the costs of out-of-stocks (e.g., lostades reduction, impact on cate-
gory pro ts). Many additional policy experiments could be also perfamed, including discounts on
multiple products and experimenting with di erent magnitudes for pr ice discounts. These additional
policy experiments can be easily implemented using the estimated moldeNote, however, that our
estimation and subsequent analysis do not consider any long run eats on customer behavior. For
example, some of the customers that don't nd their most preferre item available might return to
the store in future periods to buy the missing product. Alternatively, it is possible that some of
these customers might reduce their likelihood of returning to the stre in future periods transferring
not only their shampoo purchases, but also those in other productategories, to competing retail-
ers. Studying these long-term e ects constitutes a very intereting avenue for future research that
would probably require getting access to customer panel data witla longer time series of sales and

inventory data from multiple product categories.

6 Conclusions

In this article, we have proposed a method to capture the e ects ofout-of-stocks on customer
behavior using data commonly available to a store manager. Lack of pcise availability data in
real-time, which is common in practical retail settings, introduces amajor challenge in identifying
the e ect of out-of-stocks on sales. To overcome these di culties, our methodology simulates the
transition of the inventory on the shelf conditioning on snapshots 6 information about product
inventory, which can be obtained through a periodic inventory reviev system. These data are
combined with daily sales and pricing data to estimate a structural malel of demand for a product
category.

The method has several attractive features. First, the model an be estimated using data from
multiple stores and markets. Second, our method is applicable in cag@ries with many products
and with slow moving products exhibiting frequent out-of-stocks. Previous methods in this area

were limited by the number of products, the type of substitutions and the number of products that

Zpromotions on other products, such as SKU 10, reduced lost salesby about 1% without substantially changing
pro ts.
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could be simultaneously out-of-stock. Third, our structural demand model allows the evaluation
of policies to mitigate the consequences of out-of-stocks (sucls demporary price promotions).
Fourth, the methodology explicitly models the distribution of the timin g of out-of-stocks (which are
unobservable in periodic inventory systems), providing useful infomation on product availability.

In terms of future research, several interesting generalizationsan be identi ed. Considering the
demand model, alternative speci cations or behavioral assumptiongould be studied (e.g., probit
model, complexity of choice decisions). In addition, the model could bextended to explicitly
consider the possibility of some customers returning to the store irfuture periods if they did
not nd a product in a given time period. Since our methodology is basedn estimating the joint
distribution of availability and sales, another possible extension coulde developed for the detection
of out-of-stocks based on point-of-sales data. Finally, the modeould be generalized to consider
purchase quantity decisions (e.g., Kim et al. (2002)).

In summary, we hope that the methodology presented in this article ray provide useful tools
for researchers and managers to estimate the consequencesuof-of-stocks and assess the impact
of policies to mitigate their costs. This issue is certainly relevant for adiences in the operations
management, marketing and economics disciplines, and we hope thio stimulates more cross-

disciplinary research in this area.
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Table 1: Gibbs sampling example

a’

Yi

Customer i
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Table 2: Results: Estimated posterior mean, standard deviation ad quantiles for , and 2 ignoring (benchmark model) and accounting
for (full model) the occurrence of out-of-stocks.

Main E ects ( z:) Demog. Interaction ( ,:) Heterogeneity ( ) 2
Model Brand 1 Brand 2 Intercept Covariate Brand 1 Brand 2 Intercept Covariate Intercept Covariate
M 1.45 1.30 -4.13 -1.52 0.41 -0.39 0.00 0.53 0.66 0.93 0.48
Benchmark SD 0.09 0.09 0.22 0.22 0.09 0.10 0.10 0.06 0.39 0.24 0.06
I=10 2.5% 1.28 1.14 -4.60 -1.96 0.23 -0.59 -0.19 0.43 0.24 D5 0.36
50.0% 1.45 1.30 -4.11 -1.49 0.41 -0.39 0.01 0.53 0.49 0.90 80.4
97.5% 1.62 1.48 -3.78 -1.13 0.60 -0.18 0.19 0.65 1.58 1.46 00.6
M 1.82 1.37 -3.39 -2.14 0.41 -0.50 -0.02 0.70 0.85 1.56 0.61
Benchmark SD 0.07 0.08 0.09 0.12 0.10 0.10 0.09 0.06 0.24 0.19 0.05
1=60 2.5% 1.68 1.22 -3.58 -2.38 0.22 -0.71 -0.18 0.59 0.47 3.2 0.52
50.0% 1.82 1.37 -3.40 -2.13 0.41 -0.50 -0.02 0.70 0.82 1.54 610.
97.5% 1.96 1.54 -3.21 -1.94 0.59 -0.30 0.14 0.81 1.41 1.95 20.7
M 1.94 1.70 -3.09 -2.54 0.38 -0.62 0.06 0.71 0.52 2.04 0.60
Benchmark SD 0.09 0.09 0.11 0.11 0.09 0.09 0.08 0.04 0.22 0.17 0.05
=400 2.5% 1.77 1.52 -3.32 -2.76 0.21 -0.80 -0.12 0.62 0.20 74. 0.51
50.0% 1.95 1.70 -3.09 -2.54 0.38 -0.62 0.06 0.71 0.49 2.03 00.6
97.5% 2.12 1.88 -2.89 -2.35 0.57 -0.45 0.21 0.79 1.06 241 90.6
M 1.92 1.70 -3.24 -2.41 0.50 -0.53 -0.08 0.79 0.91 1.91 0.61
Full SD 0.11 0.11 0.25 0.27 0.10 0.11 0.11 0.08 0.39 0.40 0.08
I=10 2.5% 1.70 1.49 -3.75 -3.03 0.29 -0.76 -0.32 0.64 0.41 5.2 047
50.0% 1.92 1.69 -3.24 -2.38 0.50 -0.53 -0.08 0.79 0.80 1.85 610.
97.5% 2.12 1.91 -2.71 -1.94 0.70 -0.31 0.12 0.95 1.85 2.87 80.7
M 1.97 1.48 -3.36 -2.36 0.53 -0.51 0.03 0.73 1.76 1.87 0.55
Full SD 0.07 0.09 0.14 0.13 0.10 0.11 0.10 0.06 0.52 0.22 0.05
1=60 2.5% 1.82 1.31 -3.64 -2.62 0.33 -0.72 -0.14 0.61 0.99 1.4 0.45
50.0% 1.97 1.48 -3.35 -2.36 0.53 -0.51 0.03 0.73 1.67 1.86 40,5
97.5% 211 1.66 -3.12 -2.12 0.71 -0.30 0.23 0.84 2.88 2.33 50.6
M 1.97 1.73 -3.15 -2.51 0.41 -0.62 0.06 0.70 0.67 2.00 0.59
Full SD 0.08 0.09 0.09 0.11 0.09 0.10 0.10 0.04 0.31 0.18 0.05
=400 2.5% 1.81 1.56 -3.32 -2.72 0.22 -0.82 -0.14 0.62 0.19 64. 0.51
50.0% 1.97 1.73 -3.15 -2.51 0.41 -0.61 0.07 0.70 0.64 1.99 90.5
97.5% 2.13 1.89 -2.98 -2.32 0.59 -0.41 0.27 0.78 1.37 2.37 90.6

true 2.00 1.50 -3.00 -2.50 0.50 -0.50 0.00 0.70 0.80 2.00 0.50



Table 3: Brands and summary statistics for the shampoo data: brads, mean and standard deviation
of daily sales, prices and promotion incidence, fraction of out-oftecks (OOS) and number of stores
for each product.

Daily Unit Sales Price Promotion 00s Number of

Product Brand M SD M SD Incidence Incidence Stores
1 Other 0.08 0.27 3.99 0.00 0.00 0.00 6
2 Other 0.00 0.00 4,97 0.04 0.00 0.11 3
3 Other 0.07 0.25 4,97 0.04 0.00 0.12 4
4 Timotei 0.12 0.39 6.03 0.10 0.00 0.27 6
5 Timotei 0.12 0.33 5.99 0.27 0.00 0.10 6
6 Timotei 0.17 0.43 6.03 0.10 0.00 0.26 6
7 Timotei 0.06 0.23 5.79 0.41 0.00 0.16 5
8 Other 0.03 0.18 472 0.32 0.00 0.38 4
9 Other 0.06 0.23 475 0.00 0.00 0.20 6
10 Pantene 0.17 0.37 450 0.11 0.20 0.33 6
11 Pantene 0.28 0.97 450 0.16 0.20 0.40 5
12 Pantene 0.29 0.89 450 0.11 0.18 0.39 6
13 Pantene 0.28 0.73 445 0.15 0.20 0.39 6
14 Other 0.07 0.29 4,99 0.00 0.00 0.17 6
15 Other 0.24 0.53 2.07 0.03 0.00 0.11 5
16 Other 0.24 0.53 4,85 0.00 0.00 0.03 6
17 Herbal Essence 1.03 1.47 455 0.19 0.63 0.08 6
18 H&S 0.32 0.68 5.20 0.22 0.00 0.36 6
19 H&S 0.21 0.63 5.17 0.19 0.00 0.31 6
20 Other 0.19 0.45 499 0.00 0.00 0.11 6
21 Cabello Sano 0.11 0.32 3.45 0.00 0.01 0.12 5
22 Cabello Sano 0.27 0.61 3.45 0.00 0.01 0.08 6
23 Cabello Sano 0.30 0.64 3.47 0.04 0.00 0.42 6
24 Other 0.06 0.23 4,25 0.00 0.00 0.17 5
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Table 4. Empirical Results: Estimated posterior mean, standard deiation, 25% and 75% quantiles
for , and (iterations 200,001-400,000).

Full Model Ignoring OOS

Variable M SD 25% 75% M SD 25% 75%

Pantene 0.78 0.23 0.62 0.94 0.45 0.22 0.30 0.59

H. Essence 1.34 034 111 158 1.22 0.30 101 1.43

H&S 1.31 0.27 1.13 149 1.08 0.24 092 1.25

Main E ects C. Sano 0.68 0.23 0.52 0.84 048 0.24 0.32 0.65

( Intercept; ) Timotel 043 031 0.22 0.64 0.30 031 0.10 o051

Promotion 094 0.29 0.75 1.14 1.21 0.27 1.02 1.39

Weekend 1.06 0.22 091 1.20 1.16 0.24 099 1.32

Purchase Option -5.10 0.57 -5.46 -4.67| -5.06 056 -5.42 -4.69

Price -0.85 0.19 -0.97 -0.72| -0.95 0.20 -1.08 -0.81

Pantene 0.24 0.23 0.08 0.39 0.29 023 0.14 044

H. Essence -0.15 0.34 -0.37 0.09| -0.10 0.33 -0.33 0.13

H&S 057 0.26 0.40 0.74 0.66 0.25 0.48 0.83

Income C. Sano 0.09 0.24 -0.08 0.25| -0.08 0.23 -0.23 0.07

Interactions Timotei -0.01 0.32 -0.21 0.21 0.17 031 -0.04 0.38

(' Income; ) Promotion -0.43 0.29 -0.62 -0.23| -051 0.29 -0.71 -0.32

Weekend -0.23 0.21 -0.37 -0.09| -0.22 0.22 -0.36 -0.08

Purchase Option -0.38 053 -0.73 -0.02| -0.37 052 -0.70 -0.03

Price -0.05 0.12 -0.13 0.03| -0.07 0.12 -0.15 0.02

Heterogeneity ~ Purchase Option 0.70 0.39 042 0.89 0.86 0.80 0.42 0.94

() Price 0.24 0.09 0.17 0.28 0.29 0.12 0.20 0.35
Demand Shock

Variance ( ?) 1.00 0.04 0.97 1.03 1.00 0.04 0.98 1.03
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Table 5: Estimated Switching Matrix, Full Availability Sales and Change in Contribution Margin for Selected Products*

Actual Choice Expected  Contribution
Intended 4 5 6 8 10 17 18 19 22 23 25 Demand Margin

Choice Brand T T T @) P HE H&S H&S CsS Cs NP (units) Reduction (%)
4 T 20.1 39 36 00 00 172 0.0 0.0 25 0.0 445 2.2 53.0
5 T 0.0 1000 00 00 0. 0.0 0.0 0.0 0.0 0.0 0.0 2.1 0.0
6 T 0.0 00 998 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 2.1 0.2
8 (0] 0.2 26 27 55 08 137 0.3 0.4 18 01 632 1.6 64.4
10 P 0.0 1.0 13 00 490 6.8 0.0 0.0 1.3 00 373 4.7 32.0
17 HE 0.0 00 00 00 00 999 0.0 0.0 0.0 0.0 0.1 19.2 0.1
18 H&S 0.0 24 27 00 00 140 204 0.0 19 0.0 523 3.6 46.9
19 H&S 0.0 24 25 00 00 137 0.0 194 21 00 533 3.4 48.0
22 CSs 0.0 00 00 00 0.0 0.0 0.0 0.0 99.7 0.0 0.2 3.9 0.2
23 CS 0.0 12 12 00 0.0 8.9 0.0 0.0 1.7 209 616 4.0 55.9

* Within the rst block of this table, cell entries  (i;j) where i indexes row and j indexes column indicate the percentage that choose alternative j

among the segment of customers who intend to buy product i. O=Other, T=Timotei, P=Pantene, H&S=Head & Shoulders, HE=
Sano and NP=No purchase. Expected Demand indicates the total number of units that would be sold during 15 days if all products were available. Contribution
Margin Reduction indicates the percentage of forgone contribut ion margin as a fraction of the total contribution margin that w ould be obtained if all products

were available.

Herbal Essence,CS=Cabello
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Figure 1: Percentage of lost purchases as a fraction of full-availdlly sales versus number of out-
of-stock products.
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Online Appendix A: Simulation Study

In this Appendix we describe the results of a simulation study designedo show the statistical
properties of the method proposed in this article. Using the same pameter values as in Subsection
3.5, we generated 50 data sets and estimated the model parametaising the proposed method. We
also repeated this process estimating the model parameters igring the occurrence of out-of-stocks.
Table Al shows the results of this simulation study. In each block, we idplay the mean, standard
deviation, median, mean squared error (mse) and bias of the posier mean of each parameter
under each estimation approach. We also report the fraction of y@ications for which each posterior
mean is below its true value Ppeiow). Ideally, we would expect this percentage to take values close
to 0.5.

From these results we observe an important bias of the posterior @ans under the model that
ignores out-of-stocks. In fact, for 8 out of 11 parametersppeiow takes values very close to 0 or
1. For example, in the case of ;,.x, which is used to determine the mean of the coe cients for
brand 1, the posterior mean is below the true value for all replicatios (Ppelow = 1:0 for z,x,). In
contrast, under the full model, we see a much more even distributio of the posterior mean around
the truth, with values of ppeiow Much closer to 0.5 Ppelow = 0:56 for ;,x,). In addition, we observe
an improvement in the bias and mean squared error for most paranters under the full model when

compared with the results of the model that ignores out-of-stoks.



Table Al
Results: Summary statistics for the posterior mean of each paraater across 50 replications ignoring out-of-stocks ( rst block) anl
accounting for out-of-stocks (second block).

Main E ects ( z:) Demog. Interaction ( ,: ) Heterogeneity ( ) 2
Ignoring OOS Brand 1 Brand 2 Intercept Covariate Brand 1 Brand 2 Intercept Covariate Intercept Covariate
mean 1.172 1.009 -4.469 -0.969 0.015 -0.430 0.245 0.332 B.66 0.462 0.476
sd 0.172 0.118 0.322 0.296 0.242 0.159 0.177 0.091 0.322 (.25 0.076
median 1.170 1.002 -4.493 -0.906 -0.033 -0.432 0.246 0.335 .530 0.406 0.469
mse 0.716 0.255 2.261 2.432 0.294 0.030 0.091 0.144 0.122 272.4 0.006
bias -0.828 -0.491 -1.469 1.531 -0.485 0.070 0.245 -0.368 .13b -1.538 -0.024
Poelow 1.000 1.000 1.000 0.000 0.980 0.380 0.040 1.000 0.800 1.000 .600
true 2.000 1.500 -3.000 -2.500 0.500 -0.500 0.000 0.700 0.80 2.000 0.500
Main E ects ( ,:) Demog. Interaction ( ,:) Heterogeneity ( ) 2
Full Model Brand 1 Brand 2 Intercept Covariate Brand 1 Brand 2 Intercept Covariate Intercept Covariate
mean 1.994 1.501 -3.148 -2.429 0.496 -0.484 0.070 0.666 71.10 1.949 0.505
sd 0.106 0.079 0.321 0.294 0.146 0.122 0.139 0.092 0.781 30.41 0.092
median 1.983 1.502 -3.072 -2.443 0.511 -0.504 0.048 0.670  828. 1.891 0.514
mse 0.011 0.006 0.125 0.092 0.021 0.015 0.024 0.010 0.704 730.1 0.009
bias -0.006 0.001 -0.148 0.071 -0.004 0.016 0.070 -0.034 0D.3 -0.051 0.005
Poelow 0.560 0.480 0.660 0.420 0.480 0.520 0.280 0.660 0.480 0.560 .44

true 2.000 1.500 -3.000 -2.500 0.500 -0.500 0.000 0.700 0.80 2.000 0.500




Online Appendix B: Calculating the reduction in lost sales due to a

price promotion

This section shows the details on how to calculate the reduction of ldsales after applying a discount

on a single product. De ne:
A: the set of products available.
AC: the set of products out-of-stock.
j ¢ index of the discounted product.
. the change (increase) in the utility of product j ® after applying the discount.
The set of customer that choose not to purchase under assorent A is Op = fi=ujo > ujj ;8] 2 Ag.

The eventsEjjand Ej, are de ned as:

Ei1 = fujo <maxaacUikg

Ei2= Ujp<ujo+t
We also de ne the following subsets of consumers:
O jo= i:up>uj;8 2An°;
Ojo= i:Ujp>Ujo :

Note that Op = O jo\ Ojo. Our objective is to compute Pr(E;z; Ej2ji 2 Oa), the reduction in
lost sales when discounting product ® To facilitate notation, we denote the eventi 2 Oa more

succinctly asOa (similarly with O joand Ojo) and suppress alli indexes. Note that:
Pr(E1;E2;0a) =Pr( E2;Oa) Pr(ES$;Ez; On): a7

In our derivation, we will use two standard results of multinomial logit choice models (see Ben-Akiva
and Lerman (1985)):

P
1 The distribution of X = maxzp Uk is Gumbel with modelog ,p exp(Vk).

3



2 Given two independentX and Y Gumbel random variables with modesVy and Vy (respec-

tively), the dierence X Y is logistically distributed: Fx vy (z) = Wm:

We rst calculate P(Op;E>2):

PF(OA; Ez) = Pr( Oj 0,Ep; O jo)
=PI’(O jO) Pr(Ojo;Esz jo)

=Pr(O jo) PrO<up Ujo< jup>ug;8k2An9:

The distribution of ug conditional on ug > uy;8k 2 Anj%is a Gumbel distribution with mode
P
log  oano€XP(Vk). Let Y jodenote a random variable with this distribution. Moreover, Y jo and

ujo are independent. Using results 1 and 2 aboveY jo ujo has a logistic distribution and we

obtain:

PI’(OJ' 0, Esz jo)

PI’(O <Y jo Uj0< )

p
~ exp(Vjo ) kgan 0 €XP(Vi)
1+exp(Viot )+ k2ano©XP(Vik) 1+ oa exp(Vk) .

P 1
In addition, Pr(O jo= 1+ K2 Anj oexp(Vk) , which completes the calculation ofP (Oa; E>»).

We now turn to the calculation of Pr(Oa; E2; Ef). We have:

Pr(Oa; E2; ET) = Pr( Ojo; O o, Ef; E»)
ZPI’( Ojo;Esz jO;Etl:) PY(O jo;Ef)

. . 1
=Pr(0 <ug Ujo< jup>uy;8k2JInj9 1_|_P oexp(Vk):
k2Jn j

The distribution of u, conditional on ug > uy;8k 2 Jnj%is a Gumbel distribution with mode

P
log 255 j0€Xp(Vi). Let Z denote a random variable with this distribution. The random variable

Z ujo has a logistic distribution and we obtain:



PrO<ugo ujo< jup>uy;8k2JInjY=Pr(0 <Z ujpo<)
_ expNjo'E)
1 ’ISGXD(VJ‘O+ )+ k2an jo €XP(Vi)
5230 | oexp(Vk)
1+ waunjoxp(Vk)

This completes the calculation of Pr(O; E2; Ef). Replacing Pr(O;E2; Ef) and P(O;Ey) in (17)

enables us to estimate the reduction in lost sales.



